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Introduction

This handout contains the mathematics II course that I teach in the second semester
of the first year of science and technology. 1 want to point out the principal mathe-
matics tools of algebra and analysis that a student must assimilate and learn. That
is, this document can be used as a reference text for undergraduates in the first year
in Science and Technology who will be facing mathematics problems and will be inter-
ested in learning techniques to solve them.

The course is divided into five chapters:

Chapter 1: We defined the integral definite and finite, we give properties, and it’s
application.

Chapter 2: We give the application the integral in the differential equations of
the first and second order.

Chapter 3: Contains the notion in matrix.
Chapter 4: We applicated the matrices for solve the linear systems.

Chapter 5: Finaly we study the continuous and derivative, double and triple
integral for multivariable functions.



Chapter 1

The Integral

1.1 The indefinite integral

Definition 1.1.1.
A function F is called an antiderivative of f on [

iff: Vo € I, F'(z) = f(2) and denoted by: /f(a:)da:.

Example 1.1.1.
o Fi(x) = 2% is an antiderivative of f(r) = 2z on R.

o [(x) = 2% + 10 is also an antiderivative of f(x) = 2z on R.

Theorem 1.1.1.
If F' is antiderivative of f, then:
every function G(x) = F(z) + ¢ ,(c € R) is an antiderivative of f and write:

/cos(x)dx =sin(z) +¢, c€eR.

Example 1.1.2.
Since sin is an antiderivative of cos, then:

/f(x)dx =F(z)+c

Properties 1.1.1.
Just as we had a list of properties the derivatives of sum and products of functions
Let f and g continuous on I, A € R (constant)
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1.1 The indefinite integral

1. /[f(:z)%—g(x)}das:/f(x)dx+/g(x)d:):.

2. /)\f(m)dx:)\-/f(x)dx.

1.1.1 The table of an antiderivatives functions

Function of f / f(z)dzx Interval
1) a, a€eR |ax+b R

n " T *
2) a",n#F-1| 5 +c R or R%.
3) - In |z| R*
4) € e’ +c¢ R
5 a®,a>0 ﬁ +c R
6) cos(z) sin(z) + ¢ R
7)  sin(x) —cos(z)+c | R
8)  sinh(x) coshz + C R
9)  cosh(x) sinh(z) +¢ | R
10) 1+1x2 arctan(z) +c¢ | R
11) ﬁ arcsin(z) +c¢ | | —1,1]
12) —ﬁ arccos(z) +c | | —1,1]

1.1.2 The integral of polynomials

We have:

Examples 1.1.1.
1
1) /x3dx: Z—Lx4+c.

1
/(x2 +2z)dx = gx?’ + 2% + ¢, where ¢ is real constant.

ap
n+1

/anx" + ap1a" o agdr,  a, #0

Ap—1
" e e agx
n

1.1.3 The antiderivatives of the compositives functions

Let U is continuous and differentiable on I and c is real constant.

f(z) u -u”, (n# —1) UE, u'et \1;—% u cos(u) | u sinh(u)
[ f(x)dx % +c Inju|+c¢ | e*+c | 2y/u+c|sin(u)+c | cosh(u)+c
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The Integral

Examples 1.1.2.

1. /tanxdm = / S Jr = In | cos x| + c.
cosx

1
2./@x—D@Q—x+®%m:§ﬂﬁ—x+®ﬂ+a
2 oL L 3 :
3. [ (x*+1) smh(gx +x—5b)dr = cosh(§x +x —5) + ¢, where c is real constant.
1.1.4 Method of substitution
Let u is differentiable on I and F(x) = /f(:v)d:c Then:
/u/F/(u) =F(u)+c

Examples 1.1.3.

20 +1
. jlz/f—+dx:lnu+c,suchthat u=2?+z+3>0.
r*+x+3

o [r = /(437 + 6)€x2+3xdx = 2713 4 ¢

o 13:/6x6+4:ln(6x—|—4)+c.

1.1.5 Integration by part
Theorem 1.1.2. If: U, V are differentiable on I.

’

/b@yV@sz@yw@—/wvmwx

Examples 1.1.4.



1.1 The indefinite integral

1. I :/$€xdl'

We put: U =12,V =e*. Then I, = ze® — e* + c.

2. I, = /:Esin(a:)da:

/ . .
Posons: U =x,V' = sinx, then Iy = —xcosx + sinx + c.

3. /lnx:xlnx—ln:ﬁ—i—c

Table: Gives some recommended choices for integration by parts.

Integral Choice of U | Choice of V
1)  [a"cos(kx)dx | U =" V' = cos(kx)
2)  [a"sin(kx)dr | U =a" V' = sin(kx)
3) [a"eFrdx U=a" Vi =ek
4) [2"Wn(kx)dr |U=In(kz) [V =a"

1.1.6 Integrals Trigonometric functions

We know that:
sin?(z) = = (1 — cos(2z)

cos?(r) = = (1 + cos(27)

N = DN

Integral of type:
I = /sinx"-cosx”dw neN, meN

Posons: t = sin(z) = cos(x) = V1 —t2 cos(z) > 0,
by substitution:

Then: dt = /1 — t2dzx, so:
I= /tm-(l — )"z dt

Examples 1.1.5.

1. / sin®(z) - cos®(x)dx =?



The Integral

/sin2(a:) -cos’(x)dr = /t2 (1 - t2)%

VA A
-3 57¢
_sin’(z)  sin®(a)
3 5

2. Find /sin(w)-cos2(3m)dx

1.1.7 Integrals Exponentials functions

The type I = /f(e”)dx
We suppose that: t = e* = dt = e*dx

[= / % F(t)dt

Example 1.1.3.
r 1, t
/ S —/ (——)dt =1In |t +2 ]| +c=In(e” +2) +c.

2T ] T\ g2

1.1.8 Integrals Rational functions

P(z)

A rational function is a quotient of two polynomials: R(x) = 0@

(z

/38

If: deg p > deg @, use long division, then write:

P1 (l')
R(x) = R(x) + , deg P, < de )
(z) (z) O1(2) g i1 g Q1
Decompose 511((?) into partial fractions of the form:
Py (z)
— F x) + F x)+---
Ql (JZ) 1( ) 2( )
where: each fraction is of the form:
A A B
Fy(x) = or Tt 1<n

(x4 b)" (22 + bz + )k

10



1.1 The indefinite integral

Calculate partial fractions

A
o a) [1:/Wd$ neR" Ifn=1: Ilehllx—i—b’—i—C
Ifn#1: I = =25 (x+b) " 4 ¢

° b) ] Az+B

(2 4+bz+c)™
Ifn=1
/ Ax+ B
I, = _—
2+ bx +¢)

1 /
- /_+Bl/ or :Al/u—+Bl/2—
U u

1
+ a?

= Aln|z? +bx—|—c|+,uarctan(u) or = Anl|2® +bx +c| + pln |u(z)].

u 1 n . .
Ifn#1 I,=4 / ” + B / (5192+—l7$‘f'0) (By induction)

Examples 1.1.6.

1. Ilz/ﬁda::—(a:—l)i%—i—c.

1 1
2. I, = /—dx = —arctan(g).

4+ a2 2
3. 1 / L g in(Z) +
. I3 = [ ———=dx = arcsin(=) + ¢
° V9 — 22 3
r+1
= ————d
4- 1 /1:2—4364-80 o

1 2¢+ 2
I, = — | —d
! /2((m2—4x+8) :C)
B 1/ 2-4 6
) 2?2 — 4z + 8 x2—4m+8x

1 3
= “hnfs®—do+8/+3 [ —>
2n]:c x4+ 8|+ /(m—2)2+4

-2
)+ c.

1 3
= 5111 |2° — 42 + 8| + B arctan(x

Results:

11



The Integral

!/

1. / 1 —T—LUQ dr = arctan(u) + c.

1 1
2. /—dx = —arctan(u) + c.

a? +u? a
.
dx = arcsin(—) + c.
a

1
3. e
/ va? — x?

dx = arcsin(u) + c.

u
Vi@

Example 1.1.4.

/ 2w — 7 dz_/ 241 8
24+r+4 »?+r+4 >4+ r+4

1.2 The Definite integral

Definition 1.2.1.
Let f is continuous on [a,b] and F is an antiderivative of f. The definite integral of f
from a to be is:

Examples 1.2.1.

3 1 p
/ cos(2zx)dx = 5 [sin2x]§ = —
0

Remarks 1.2.1.

1. If f(x) > 0 on [a,b]. Then:

2(Lbf@ﬂdxzuibf@yﬁ

Properties 1.2.1.
Let f, g are continuous on [a,b], A € R

/)\f Ydz = A /f
2lﬁ”+g w_/f w+/bmm.

12



1.2 The Definite integral

/f dx+/f dx_/f )dz, Va, b, c

En particular: / f(x)dx = 0.

a

4. IfVx € [a,b], f(x) > 0. Then: /f Ydz >0

/f Jda /|f )ldo

5. If Vo € [a,b], f(x) < g(x). Then:

[ e < [ gwac

Examples 1.2.2.

L /_21|:1:—1|d;v:/_11—(a:—1)dx+/12(33—1)d:U

2. / x cos(z)dx (by parts)

0

1.2.1 Improper Integrals

Definition 1.2.2.
Improper integrals are integrals in which one a booth the forms:

400 a +00 b
fpds, [ @, [ pws, [ faa
where f is not continuous on interval.

“+o00

b
. f(z)dz = lim / f(z)dx (converge or diverge)

a b—+400 a

+oo +oo

o f(z)de = /_C f(z)dz + f(z)dx

Examples 1.2.3.

+o0o
1. / e "dr = [—e "7 = 1.
0

13



The Integral

3. /0 In(z)dz = lim [ In(z) = lim [zIn(z) — 2]} = —1.

a—0 a a—0

14



Chapter 2

Differential Equations

In this section we give a different method for solve a differential equation.

2.1 Ordinary differential equation

Definition 2.1.1.
An equation involving the derivatives of an unknown function y of a single variable x
over an interval x € 1. It can be written in the form:

F(z,y,y,...y") =0, (2.1.1)

where n € N* s called the order of this equation.

Shortly (2.1.1]) is denoted by ODE.

2.1.1 Solution of ODFE

Definition 2.1.2. [7](The General Solution)
The Solution of a differential equation containing as many arbitrary constants as the
order of the differential equation is called as the general solution.

Example 2.1.1.
Let gy = % The general solution of this equation on R* is f(x) = In|x|+ ¢, where ¢ € R
(constant) .

Definition 2.1.3. (Particular Solution)
The Solution obtain by giving particular values to the arbitrary constants in the general
solution is called particular solution.

Example 2.1.2.
- . . . - . . o1 *
g(x) = In(x) is a particular solution of differential equation jj = — on R’

15



Differential Equations

Examples 2.1.1.

1. z+2y+ 2%y =0, is ODE the first order.

2. x—2+y =a° is ODE the second order.

2.2 First Order Differential Equations

Definition 2.2.1.
The general first order ODE' has the form F(z,y,4) =0 (i.e § = f(x,y)), where y is
a function of x.

The Solution of 1% order and 1% degree differential equation is obtained by following
methods if they are in some standard forms as i). Variable separable form ii) Linear
differential equation form.

2.2.1 Separable Equations

Definition 2.2.2.
The first order ODFE is said to be separable if can be expressed as:

i.e: f(x)dx = g(y)dy. (2.2.1)

To solve (2.2.1), we have = [ f(z)dx = [ g(y)dy.

Examples 2.2.1.
Solve the following equations:

1)g=a"—2
2) =2z -3
Solution:

1) We have ¢ = 2* — 20 = dy = (2* — 2x)dx

Integrating both sides we have:

[dy = [(2* — 2z)dz

— y = 32 — 2% + ¢, (c is constant).

2)For y # 0, we have

%sz—S:%d(y: (2z — 3)dx

— f%dy = [(2z — 3)dx

= In|y|=2>—-3x+c¢, (g €R)

— |y| = e®*=37) k. such that k = .

Then we can write the general solution in the form y = c.e(’”z_?’””), where c € R*.

16



2.2 First Order Differential Equations ﬂgﬂ

2.2.2 Linear ODE of 1st order [2]

Definition 2.2.3.
A differential equation of the form:

g =a(x)y + b(z), (2.2.2)

is called a first-order linear (iny and §) equation. Where a and b the fuctions continuous
on interval I.

Remark 2.2.1.
If b(x) = 0, then the equation (2.2.3|) is called homogeneous i.e in the form:

¥ = a(z)y.

(Note that the homogeneous equation is separable.) Otherwise, the equation (2.2.3)) is
called nonhomogeneous.

A ODE can be solved by the theorem:

Theorem 2.2.1.
Consider the first-order linear equation

v =a(z)y + b(x). (2.2.3)
The general solution is the sum of the homogeneous solution and a particular solution:

Y =Yn + Yp,
where y, = c.e® (A is a primitive of a), y, is a particular solution of (2.2.3).

There are two very common methods to solve linear equations of first order. The
first is called the method of integrating factors. The second is called variation of
parameters.

Example 2.2.1.

Let the ODE: g =y —x+1....(*)

1) Show that is y, = x is a solution of (*).
2) Find the general solution of (*).

Solution:
1) We have: 4, = 1. Then 1 =z —x + 1 is true, so y, = = is a solution of (*).
2) The general solution of (*):
We know that: the solution of homogeneous equation: y = vy, is y, = c.e”, ¢ € R. Then
the general solution of (*) is: y = c.e” + x, where ¢ € R.

17



Differential Equations

2.2.3 The Integration Factor Method

In this section we discuss a technique for solving the first order linear non-homogeneous
equation

7+ a(z)y = b(x). (2.2.4)
We multiply the both sides of equation (2.2.4)) by the function u(x) # 0, , we get
)y + alz)p(z)y = b(z)u(z). (2.2.5)

We put: a(x)u(z) = f(x), this implie that:

w(x) = e (al@)dz
and from ([2.2.5)), we deduce that:

/

(u(x)y) = b(x)p(z).

So,
1 / &
y=——= [ b)u(r)dz + ——=,
p() p()
as the general solution of (2.2.4)), ¢ is constant real.
w(x) called the integration factor.
Example 2.2.2.
Solve the following equation
U+ 2xy = . (2.2.6)

2

We have: a(z) = 2x,b(x) = x. The integrating factor is: p(z) = el 224 = *°,
Then

y = e~ /azeIde + ce™®
= 16’”2 e+ ce™ ™
= 3 .
1
y g §+Ce_x2,C€R

Cauchy problem:
There exist the unique solution satisfying:

{ Z] = f(.%', y)
Yo = f (o).
Example 2.2.3.

In example deduce the solution of which is satisfying the initial condition:
y(0) = 3.

We have y = 1 + ce™ | then y(0) = 1+e

Therefore, y(0) = % <= ¢ = 1. So there exist the unique solution y = % + e,

18



2.2 First Order Differential Equations ﬂgﬂ

2.2.4 The constant variation method

In the solution y = c.e® of homogeneous equation 3§ = a(z)y, we suppose that c is

a function of z, such that y is a solution of non-homogeneous ([2.2.4)) , after this we
calculate ¢(x).

Example 2.2.4.

Solve the equation: 1 + 2xy = 2xe‘$2...(E)

The homogeneous equation is: 4§ + 2xy = 0...(H)

The solution of (H) is: y, = c.e™™ ¢ € R.

We suppose that y = c(x).e™, is a solution of (E).

We have: 3 = c(/x).e*"’ﬁ2 — 2zc(z)e™", we substitution in (E), we obtained:

Hz)e™™ — 2ze(x)e™ + 2we " = 2xe ™", then é(z) = 2.

So: ¢(z) = 2?2 + k, k € R, therefore the general solution of (E) is: y = (22 + k)e "

2.2.5 The Bernoulli Equation

In 1696 Jacob Bernoulli solved what is now known as the Bernoulli differential equation.
This is a first order nonlinear differential equation. The following year Leibniz solved
this equation by transforming it into a linear equation. We now explain Leibniz’s idea
in more detail.

Definition 2.2.4. ﬂ§|]
The Bernoulli equation is

§ = a(z)y +b(x)y", (2.2.7)
where a, b are two functions continuous on I and n € N.

Remarks 2.2.1.

1. If n =0 orn = 1: the equation (2.2.7) is linear.
2. If n € N* — {1}: the equation (2.2.7)) is nonlinear.

For the solution of (2.2.7)) it is a nonlinear equation that can be transformed into a
linear equation.

If n € N* — {1}, we multiply (2.2.7) by y~", we get
gy = a(x)y' ™" + b(x)

Introduce the new unknown: z = y'=" and compute it’s derivative 2 = (1 — n)yy
If we substitute, we obtain the linear equation

Z=(1—-n)a(x)z+ (1 —n)b(x),

we calculate z and after this we deduce y.

19



Differential Equations

Example 2.2.5.
Solve the equation:

g =1y+ay’. (2.2.8)

This equation is Bernoulli’s with n = 2.
We put: z =y'"2 i.e 2z = i, (y #0), then § = %, we substitute in (2.2.8):

—Z

- I%—I—xz%, we get

Z=—z—ux1s a linear ODE. By integration factor,we have:

w(x) =el =% = e and z = e*([ —we *dx) + ce®, c € R.

Then by part, we deduce that: z = x — 1 + ce®, so the solutions of are:

y:%: 1 ory = 0.

z—1+ce®

2.3 Second order ODE [

Newtons second law:

Consider movement of a point particle along a straight line and let its coordinate at
time ¢ be z(t). The velocity (Geschwindigkeit) of the particle is v(t) = #(¢) and the
acceleration (Beschleunigung) is a(t) = z" (t). The Newtons second law says that at
any time

!

mz = F, (2.3.1)

where m is the mass of the particle and F' is the force (Kraft) acting on the particle.
In general, F is a function of ¢, z, 2" so that (2.3.1)) can be regarded as a second order
ODE for z(t).

Definition 2.3.1.
A general second order ODE, resolved with respect to y' has the form

y' = f(z,y.y) (2.3.2)

Examples 2.3.1.
1)y =1l(z)y —5+ 22>
2)2xy" +ay +5=0

2.3.1 Second Order Linear Equations

Definition 2.3.2.
An operator L is a linear operator iff for every pair of functions yi,ys and constants
c1,Co holds

L(ciyr + caya) = e1L(y1) + c2L(y2).

In this Section we work with linear operator L(y) = ay” + by + cy associated by
equation as the following result.

20



2.3 Second order ODE ﬂZﬂ

Definition 2.3.3.
A second order linear differential equation for the function y is

a(z)y’ +b(x)y + c(x)y = f(x), (2.3.3)
where a(x) # 0,b,c and f are continuous on the interval I C R.

Remarks 2.3.1.

1. (2.3.3) is homogeneous iff the source: f(x) = 0.

2. (2.3.3) has constant coefficients iff a,b and ¢ are constants.

In this section we solve the equations of second order linear with a constant coeffi-
cients.

Examples 2.3.2.

1.y + 4y — 3y = e”, is second ODE linear non-homogeneous with constant coeffi-
clents.

2. 3y +ay + (z? — 1)y = 0, is second ODE linear homogeneous.

2.3.2 Solution of the homogeneous equation
Let the homogeneous equation with constant coefficients

ay +by +cy =0, (2.3.4)
associated homogeneous of , such that a,b and ¢ are constants and a # 0.

Theorem 2.3.1. (General solution of (2.3.4) )
If y1 and yy are linearly independent solution of (2.3.4) on I C R Then every solution
y of (2.3.4) can be write as a linear combination:

Y = Cc1y1 + Y2,
where ¢y, co are arbitray constants.

Solution of (2.3.4) :
We research the solution of the form y = €™, r € R.
We have ' = re™ and y* = r?e™ sunbstituting into (2.3.4) we obtain

ar® +br +c¢ = 0. (2.3.5)

21



Differential Equations

(2.3.5)) called the characteristic equation.
We have A = b? — 4ac, and the following results:

Sign of A | The solutions of (]2.3.5[) The solutions of (]2.3.4[)
A>0 Ary,re € R, (11 # 12) Yy = 1" 4 coe™”
A=0 dry =1y y = (c1 + cox)e™”
A<0 |dIn=a+if,ro=a—if|y= (clcos(ﬂx) + @Sin(ﬁm))eaw.

Where ¢, ¢y are arbitrary constants, o and [ are constants.

Examples 2.3.3.
Solve the equations:

1.y =3y +2y=0
2.y +2 +2y=0

3y —4y +4=0.
Solution:
Dy =3y +2y=0

The characteristic equation is:
r? —=3r+2=0.

We have A = (—3)? — 4(1)(2) = 1, there exist two roots 7y = 1 and 75 = 2. Then
The general solution of 1) is: y = ¢;e” + c2e?® . where ¢, co € R.
2)y" +2y +2y =0
The characteristic equation is:
2 +2r +2=0.

We have A = (2)? — 4(1)(2) = —4 = (2i)?, there exist two roots r; = —1 — ¢ and
ro =—1+1, we put « = —1,8 = 1. Then
The general solution of 2) is: y = (¢jcosz + +casina)e™", where ¢, ¢y € R.
3) For the equation 3) we obtain, the general solution is: y = (c; + coz)e?”.

2.3.3 Solution of the nonhomogeneous equation

Let the nonhomogeneous equation with constant coefficients
ay +by +ecy = flx). (2.3.6)
The associated characteristic equation is:

ar? +br+c=0,a # 0. (2.3.7)
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2.3 Second order ODE ﬂZﬂ

We know that the general solution of (2.3.6) is: y = y5, + y,-
We choose a particular solution y, of (2.3.6)) as the following table.

Type of f(z) Type of y,

f(x) = pa(2)e*®, (A €R) 1) If A is not root of (2.3.7): y, = gn(z)e™".
2) If X is simple root of

3) If A is double root of (2.3.7): y, = 2%g.e*".
f(x) = pu(z)sin(wz) + pp(x)cos(wz) | 1) If dw is not root of (2.3.7): vy, = gn(x)sin(wx)

+@m () cos(wx)
2) If iw is root of (2.3.7): v, = z[gn(z)sin(wz)
+qp () cos(wx)].

Where p,(x) and g,,(z) are polynomials of degree n, m and A, w are constants.

Exercise 2.3.1.

Solve the following equations:
Ly +2y +2y =22
2.y +y=222—1
3oy =3y +2y=¢e"y0)=0,y(0)=1

Solution:

Dy +2y +2y =2z

The associated homogeneous is: y" + 2y + 2y = 0, has solution is: y, = (cicosz +
+cosinx)e” ", where ¢1,co € R. ( From examples ).

We give a particular solution of 1):

We put f(z) = 2ze", since A = 0 is root not of the characteristic equation, then y, is
in the form: y, = ax + .

We have: y;, = a, y; = 0, we substituting in 1) we obtain:

2a + 2ax + 20 = 2z, so: a=1 and b = -1, therefore: y, = 2 — 1, then the general
solution of 1) is:

y = (c1cosx + +casinx)e™ + o — 1.

2) For y" +y = 22 — 1, the general solution is:
Y = c1c08% + cysinx + 2% — 5.

3)y" — 3y + 2y = e”.

The associated homogeneous is: " — 3y + 2y = 0, has solution is: y = cie” + c2€*,
where ¢1, ¢y € R. ( From examples ).

We search a particular solution of 3):

We suppose that f(x) = e, since A = 1 is root of the characteristic equation, then y,
is in the form: y, = aze®.

We have: 3 = (ax + a)e®,y" = (ax + 2a)e”, we substituting in 3) we get:
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Differential Equations

a = —1, therefore y, = —xe”, then the general solution of 3) is:
y=(c1 — ) + cpe®.
We have: y' = —e® 4 (c1 — x)e® + 2ce?”

y(0) =0 ¢ = —c ¢ = —2
{y’(0)=1 T cltat2=1 T e=2

So, the solution of 3) is: y = (=2 — z)e” + 2e**
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Chapter 3

Matrices

3.1 Definitions and examples
Definition 3.1.1.

A rectangular arrangement of m rows and n columns and enclosed within a bracket is
called a matriz. We shall denote matrices by capital letters as A, B, C' etc.

A= = (aij)mX’m

Am1 Am2  ..Qmp

where 1 <i<m, and 1 < j <n. A is a matrix of order m X n.

Examples 3.1.1.

4 1
1) My = 0 =5 | is a matriz of order 3 x 2.
-2 7

2) My = ( _Z3 i) ) 18 a matriz of order 2 x 2, with coefficients in C.

Remark 3.1.1.
The set of the matriz of order m x n denoted by: M(R) or M(C).

3.2 Matrix Operations

Let A = (a;;) and B = (b;;) € M, ,(C),C = (¢;5) € M,,,(C) matrices, and a € R.
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Matrices

1. Equality of two matrices:A = B <= q;; = b;;,V1 <i<m,1 <i<mn.

Example 3.2.1.
1 0\ (1 0 5
(5 _3)—<5 3i2),becausez =—1.
1
But (1 3)#(3>

2. Addition:
The sum of A and B, denoted A + B, is defined to be the matrix C' = [¢;;], with:
Cij = CLZ']‘ + b”

3. Scalar Multiplication:
The product of a € C with A, denoted oA, where oA = (aq;;) = Ax

Examples 3.2.1.

w5 3) (V)0 7)

3 —1 2 6 —2 4i
w2 -2 0 1 ]=-4 0 2
5 i 4 10 2 8

4. Matrix Multiplication:
The product of A and C, denoted AC, is a matrix AC' = XF=T(a;pcrj) = ancrj +
(;2C25 + ... + AinCpj

Example 3.2.2.
1 =2 2 0 3\ [(124(-2)(-1) 8 1\ (481
3 0 -1 -4 1) 6 09/ 6009

Remarks 3.2.1.

1. AB s defined if and only if the number of columns of A equal the number of rows
of B.

2. AB+B.A

2 2 8
For example: < 3 ) ( 1 4 ) = ( 3 19 )
2

But the product (1 4 ). ( 3 ) = (—10).



3.2 Matrix Operations m

3. A.C = B.C 1s not deduce A = B.
2 —2 2
For example: (1 4).<_3> = (1 4).(_2) = (—10), but(_g) #

(5)

3.2.1 Special Matrices

Definition 3.2.1.
Let A = (Clij) € M(m,n) ((C)

1. Zero-matrix:
A is called a zero-matriz, denoted O,y iff: ai; = 0,Vi,5 where 1 < i <m,1 <
7 <n.

For example: o33y = ( 8 8 8 )

2. Square matrix:
A is called a square matriz Iff m = n, and denoted by: A € M, (C).

3. Let A € M,(C).
(a) Diagonal matriz:
A is said to be a diagonal matriz iff: Vi # j : a;; = 0, denoted A = diag(ain, ..., Gnn)-
Examples:

The zero matriz 0,, and

S O N
o O O

0
0 | are diagonal matrices
4

(b) Identity matrix:
A diagonal matrix A is said to be a identity matriz iff: a; = 1,V1 < i <n, and
denoted by I,.

10

1 00
Examples: I, = 1,1, = and I3;=1 0 1 0
0 1
0 01
(c) Upper triangular:
A is said to be an upper triangular matriz iff: a;; = 0,Vi > j.
(d) lower triangular:

A is said to be a lower triangular matriz iff: a;; = 0,Vi < j.

Examples:
5 3 300
a) A= ( ) 15 upper triangular and B= | 0 0 0
0 —4 :
7T 2 2

18 lower triangular.

27



Matrices

b) The matrices 0,, I,, are upper as well as lower triangular matrices.

Remark 3.2.1.
A matriz A is a diagonal matriz iff: is upper triangular and lower triangular.

3.2.2 Transpose

Definition 3.2.2.
The transpose of A = (aij) € My (C), denoted AT is the nm matriz whose columns
are the respective rows of A, i.e AT = (aji)nxm.

Examples 3.2.2.

- (27) (0 7)

1 0 3 1 3 6
° 3 —4 -1 =1 0 —4 0
6 0 2 3 —1 2

Properties 3.2.1.
Let A € My, ) (C) and B € M(,)(C), A€ R (or C).

1. (AT =A
2. (AB)T = BT AT
3. (ANA)T = NAT
Definition 3.2.3.
The square matriz A = (a;j) € M) (C) is symmetric iff: AT = A, i.e a;; = a;;,Vi, j €

[1,n].
A is skew symmetric (or antisymmetric) iff: AT = —A, i.e a;j = —a;;, Vi, j € [1,n].

Examples 3.2.3.

5
o The matrizs A= X and B= | —2 0 | are symmetric because AT = A,
7

and BT = B, where )\ € C.
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3.3 The Determinant

o The matriz C' = ( _42 _62 ) 15 skew symmetric.
1 =25
o ThematrizD = | 2 3 0 | isneither symmetric nor antisymmetric, because
5 0 7
DT +£ D and DT # —D.
1 a b
Exercise 3.2.1. Let the matric A= | —4 5 8
0 ¢ 7
Find the a,b € R, such that:
o A is symmetric.
o A skew symmetric.
Exercise 3.2.2.
Calculate x € R, such that:
z 1 -2 =3
3 =2 ( g _21 > = 9 8
4 0 20 8

3.3 The Determinant

The determinant of the square matrix A the order n is the number denoted by det(A)
or |A].
1) If n =1: i.e A = [a],then det(A) = a

2) Ifn=2: Let A= (CCL Z),thendet(A)—ad—cb.

Example 3.3.1.

Let A= ( - 2 ) then det(A) = 4(—1) — (5)(2) = —14.

Definition 3.3.1.

Let A a square matriz of order n.Then the determinant of A is defined by:

1) Ifn=1: A=la],det(A) = a.

2) If n # 1: det(A) = 120 (—1) " aydet(Ay;) = Z;j}(—l)”jaijdet(Aij), where A;j is
a matriz minor of order (n — 1), formed by deleting the i"* row and the j* column
of A (we can be fixed the row i or the column j).
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Particular case n=3:

afl Ay af:s
Let A= 91 Q929 Q923 5 then
a31 azz G33
Q22 Aa23 Q21 A23 Q21 Aa22
det(A) = a —a +a
( ) H a32 33 2 a31  as3 1 a31 a3z
Examples 3.3.1.
1 _9 1 2 3
LetA:(4 3 )andB: 0 3 1
-1 2 =2

Find the matrix minors Ayo, B11, Ba1.

Solution:

Ajs is a matrix minor of order 2, formed by deleting the first row and the sec-
ond column of A. Then

0 1

By is a matrix minor of order 2, formed by deleting the first row and the first col-
umn of B. Then

3 1 2 3
311:(2 _2),andB21:<2 _2>

Example 3.3.2.

1T 2= 3*
Let A = 0o 3 1
-1 2 =2
We have:
det(A) = 1l.det(Ay) — 2.det(Ays) + 3.det(Ass)
3 1 0 1 0 3
a2 L] 8 L] 8 2
= —-8-2+9=-1
Remark 3.3.1.

We can calculate det(A) by: det(A) = 1.det(A11) — 0.det(As) — 1.det(Asr)

Example 3.3.3.

5 —1 3
Let B=1|1 0 1 2 |, then
4 -2 6
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3.3 The Determinant

det(B) = 5d€t<Bll) - Odet(Bgl) -+ 4d€t(331)

1 2 -1 3
LI T g
= 30-20=10

Properties 3.3.1.
Let A = (a;j) and B be two square matrices of the same order n, and I,, is a matriz
tdentity. Then

1. If A is a triangular matriz: det(A) = [, ai = a11a9...any,.
In particular: det(I,) =1
2. det(AT) = det(A)

3. det(AA) = \"det(A), where A € C.

4. det(AB) = det(A).det(B).
Examples 3.3.2.

2 4 —12 1 2 -6
1. Let A= 0 —4 ©6 =2 -2 3 , then
0 2 10 0 1 5
1 2 -6 9 3
det(A) = 210 =2 3 | =8 ‘ 1 5 ‘ =8.(—13) = —64
0 1 5
1 7 10 -5
) . 0 2 -8 9
2. Let the triangular matriz B = 00 —4 20 ,then
00 O 5

det(B) = (1).(2).(—4).(5) = —40.

Theorem 3.3.1. (Special matrices with Zero determinant)

Let A be an n X n-matriz.
1. If A has a row consisting only of zeros, or a column consisting only of zeros,
then det(A) = 0.
2. If A has a row that is a scalar multiple of another row, or a column that is
a scalar multiple of another column, then det(A) = 0.
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Examples 3.3.3.

0 8 —10
1. Let A= 0 —4 i , then det(A) = 0.
0 3 1
2 4 —6
2. Let B=| 1 2 =3 |, then det(B) = 0, because the first row is multiple two
70 5

of the second row.

3.4 The inverse of a matrix

Definition 3.4.1.
Let A € M, (C) A is invertible (has an inverse) if only if there exists B € M,,(C) such
that AB = BA = In, we denoted by B = A1,

Example 3.4.1.
Let P = ( 1 ;) and Q = ( _21 _11 ), P = Q7! because PQ = QP = I,.

3.4.1 The cofactor matrix

Definition 3.4.2.
Let A € M,(C). Then, the cofactor matriz, denoted Cof(A), is an M,(C) matriz with
Cof(A) = [Cij], where

Ci; = (=1)"det(A;), for 1<i<n,1<j<n.
And, the Adjugate (classical Adjoint) of A, denoted Adj(A) = CofT(A).
Example 3.4.2.

1+ 2= 3t
Let A = 2 3 1
1 2 4
31 2 1 3
Tlo a] 7|1 4] T2
10 -7 1
We have Cof(A) = _|23 —1—13 _| b2 = -2 1 0 [,
2 4 1 4 12
7 5 —1
2 3 13 1 2
Tl 1| "2 1] T|23
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3.4 The inverse of a matrix

10 -2 —7
and Adj(A) = Coff(A)=| -7 1 5
1 0 -1

3.4.2 Formula for the inverse

Theorem 3.4.1.
Let A is a square matrix of order n.
A is invertible iff: det(A) # 0. In this case, we have

L1 .
= Gty VA = g t(A)

Cof"(A)

Examples 3.4.1.
Find the wnverse for all matriz if exist

1 4
@) A=1{ ,

3 —6
b)B:<1 _2>

0 2 1
c) C = -1 2 2

2 -2 =2

Solution

a) We have det(A) = 12 — 04 = 2 # 0, then A is invertible and
2 0
A7l = det ay-Cof' (A), where Cof(A) = 41
2 —4
1_
v )=o)
b) We have det(B) = 1(—6) = 0, then B is not invertible.

c) We have det(C) = ‘ _22 :g —2.‘ _21 _22 + 1. _21 _22 ’

iy CofT(C), where

, SO

= -2(-2)-2= 2.

Since det(C') # 0, then C' is invertible and C~! =

+22_—12+—12'
2 -2 2 -2 2 -2
0 2 -2
2 1 0 1 12
Cof(C) = | - +‘ ‘ —‘ ‘ =2 -2 4
~2 -2 2 -2 1 2 5 1 o
Loz 21 oo
2 -2 2 2 -1 2| |

Therefore
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=

1
2

Exercise 3.4.1.
Determine whether each of the following matrices is invertible? If yes, find the inverse.

1 9 1 2 3 1 10
A:(_23),B: 021, c=]3 12
4 1 1 -2 2 4
Exercise 3.4.2.
Consider the matriz
1t ¢
01 2t |,teR.
t 0 2

Does there exist a value of t for which this matriz fails to be invertible? Ezxplain.

3.5 Linear application associated of the matrix

Definition 3.5.1.
We say that the application f: E — F is linear iff:

V(X,Y) € B ¥(a, B) € R*: faX + BY) = af(X) + Bf(Y)
Examples 3.5.1.

1. f:R — R, f(z) = 4x is linear because:
V(z,y) € R:V(o, B) € R? : f(az + By) = 4(ax + By) = a(dz) + f(dy) =
af(z)+ Bf(y).-

2. g:R—R,g(x) =3z +1 is not linear, because g(ax + By) = 3(ax + fy) + 1 =
3ax + 30y + 1 # ag(z) + Bg(y).
Definition 3.5.2.

We call the linear application associated of the matriz P = (a;j) € Moy, ,, the applica-
tion f defined by:

f:R"— R™,
T
4]
where VX ' eR" f(X)=PX
Tn
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3.5 Linear application associated of the matrix

Example 3.5.1.
The linear application associated of the matriz A = < _13 i ) 18
f:R? — R?

T 9 B B T+ 2y
VX(y)ER’ﬂX)_A'X_(—Bm—{—ZLy)'

Proposition 3.5.1.
The application
f:R"— R™, wheref(X)=PX,

is bijective iff: P is invertible i.e det(P) # 0, in this case :
f':R™ — R",

where f~1(X) = P71.X.

Exercise 3.5.1.

3 5
LetA:(_l _2)

1. Prove that A is invertible and find A™*.
2. Determine the application associated of the matriz A.
3. Find the inverse application f=1.

Solution:

1) We have det(A) = 3(—2) +5 = —1# 0, then A is invertible.

Al = m.CofT(A), where

Cof(4) = ( . zl))),so: A1:(§ :;)

2) The application associated of A is:
f:R? — R?,such that

x _ _ —2r +vy
VX(y)ERQ,f(X)—A.X— ( —5x+3y>'

3) The inverse application is: f~': R?* — R? such that

x o _ 2r — vy
VX(y)GRQ,f(X)—A I'X_(5x—3y)'
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3.6 Change of Basis, Transition Matrix

Definition 3.6.1. (Vector Space)

We said that the non-empty set E is a vector space over K (where K =R or K = C),
or K-vector space if E is equipped with two composition laws:

for all o, B € R and all u,v,w € K

Internal composition law for ”addition” verifying:

1. u+v=v+u (commutative law for addition)

2. u+ (v+w) = (u+v) +w (associative law for addition)

3. 30 € E, such that Yu € E,0g +u=u ( Og called neutral element).

4. Yu € E JveFE u+v=0g, (v=—u called symmetric element).
External composition law “scalar multiplication” verifying:

1. a(u+v) =au+ av

2. (a+ plu = au+ fu
3. a(fz) = (af)z

4. d1g € E, such that, Vu € E : 1gu = u.

The elements of E are called to as "vectors.”

Examples 3.6.1.

o (R? +,.) is vector space, where +,. defined by: ¥(x1,v1), (va,92) € R?, Vo € R:
(1, 91) + (22, 92) = (T1 + T2, Y1 + Y2),
and a.(x1,y1) = (axy, ayy).

o (R" +,.) is vector space.
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3.6 Change of Basis, Transition Matrix

o The set of the matrices Ma2(R),+,.) is vector space
Definition 3.6.2. (Linear Independence)

. A family (1, x9, ..., x,) of E is called linearly independent if and only if:
Yaq, as, ..., a, € K:

a1+t + ... +or, =0— a1 =ay=...=qa, = 0.

.. A family (z1,x2, ...,x,) of E is said to be generating if for every vector X € E, can
be exist oy, s, ..., a, € K, such that:

X = oqx1 + aoxy + ... + apxy,

Definition 3.6.3.
A wector space’s basis is defined as any family (xq,x2, ..., z,) of E that is both linearly
independent and generating for E.

Example 3.6.1.
B =1{(1,0),(0,1)} is a basis of R? because:

a) B linearly independent: We have V(a, ) € R?, a(1,0)+3(0,1) =0 = a =3 =
b) B is generating of R? : V(x,y) € R?, we have (z,y) = x(1,0) + y(0,1).

3.6.1 Change of basis matrix

In a vector space E of dimension n, consider two bases:
Bl - (617 €2, ..uy en)7 B = (6/17 6/27 e/n)
If the vectors é; are defined in the basis B by the formula:

n
€ = E Q5 Cis
i=1

then, the change of basis matrix from the basis B to the basis B0 is given by:

o111 12 . . . Oqp

Qo1 Q2 . . . Q9p
P = (ay) =

ap1 Op2 . . . Opp
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! 0

L2 Y2
Therefore if X = LY =

Ty 0

we have the following results:

, the two matrices of a vector u in B and B

X=PY or Y=P'X

38



Chapter 4

Systems of linear equations

4.1 Definition and examples

Definition 4.1.1.
A system of m linear equations in n variables x1, o, - -, T, 1s a set of equations of the
form:

(
a1121 + a19xs + - -+ + a1, = by
a91T1 + 99T + -+ AonTy — bg

- (4.1.1)

L Om1T1 + QmaTo + 0+ ATy = by,
where a;;, b €eR (1 <i<m, 1<j<n).
Remarks 4.1.1.

1. (4.1.1) s called homogeneous if b; = 0, V1 < i < n and non-homogeneous,

otherwise.
I b
app a2 - - Qip
. . . x2 b2
2. Let A= . e L X = ., B=
Am1 Am2 * * ° OQmn T, bn
(4.1.1) can be we written as AX = B < (4.1.1)), where A is called the coefficient
matriz.
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Systems of linear equations

Examples 4.1.1.

1. Let the system

20 -3y =4
4.1.2
{ y+oy=1 ( )
. o 2 -3
The associated matriz is A = 1 5
412 @A-(m):(4>
Y 1
2. Let the system
r—5y=4
r—2y+z=1
y—22=6
1 =5 0 4
The matriciel form is: B.X =C, where B=| 3 -2 1 andC = [ 1
0o 1 =2 6

4.2 Rank of a matrix

Definition 4.2.1.
Consider A = (aij) € Mpn(C)

1. Rank(A) =r > 1iff A has a (r x r) sub matriz with nonzero determinant.

2. An (n x n) square matriz A has Rank(A) = n iff:

det(A) #0
Examples 4.2.1.
1. A= ? 135 ) S M2><2
We have: det(A) =0 Then: A; = [5], det(A;) # 0 Rank(A) =1
1 0 0
2. A= -1 2 1
2 =2 -1

We have: det(A) =0, A3 = A, then Rank(A) # 3.
Agp = ( _21 _11 ), det(As) # 0. Then: Rank(A) = 2.
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4.3 The set solution of system AX = B (4.1.1)

4.3 The set solution of system AX =B (4.1.1

We put Rank(A) =r, A € M,,(C).

1. If r = m =n and det(A) # 0: The system has a unique solution

2. If r <n (det(A) = 0): The system AX = B has an infinite solution or not exist

a solution.

4.4 Method of solution

4.4.1 Cramer’s Rule
Let AX = B, det(A) # 0. We have the theorem.

Theorem 4.4.1. (Cramer’s Rule)

Suppose det(A) # 0 (A € M,,,) and we wish to solve the system AX = B by:

2, = det(Az)’

det(A)
where: A; is the matriz obtained by replacing the © th column of B.

Example 4.4.1.
Let the system

3r—y=4
-5y + 2y = -2

3 -1 4 T
(55 ) e (h) = ()
4.4.1) & AX =8B

det(A) =3.2—5=1+#0. Then: (4.4.1) has a unique solution.

 det(Ay)  det(Ay)
T det(A) YT det(A)

_ det(A1) 6 __ _ det(A2) _ 14 __
= det(Al) =1=6y= det(AQ) =7 =14
Example 4.4.2.
Let the system
2v+y=2>5
6z + 3y =

(4.4.1)

(4.4.2)



Systems of linear equations

We consider

=(28) () ()

@12) < AX =B

det(A) = 2x3—-6x1=0. Then: (4.4.2) has an infinite solution or not ezist a
solution.
We have: 6z +3y =2 & 2x+y =1, then
2x+y =5
4.4.2 { 2ty =1
from the two equation we have a contradiction, then the set solution is S = ¢.

4.4.2 Method of inverssion
Consider the matrix equation: AX = B, |A| # 0.

AX =B & A 'AX=A"'B
& X=A'B

Then: the system (4.1.1]) has a unique solution X.

Example 4.4.3.

20 +y=7
—3Jy+z=-8
y+2z2=-3
2 10 x 7
Let: A= -3 01 |, X=|y |,B=| -8
0 1 2 z -3

det(A) =4 # 0. Then: A is invertible

AX=B& X =A"1B (%)

-1 6 =3
We have Com(A) = -2 4 =2
1 -2 3
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4.4 Method of solution

Then:
1 11
-1 1 T_ 1 DR B2
A = m . Com(A) = 1 6 4 -2 = 53 ]_1 —35
-3 -2 3 —1 T3 1
111 7 3
4 2 4 2
From (¥),X = A™'B = 81 —3 -8 1= 4
3 o103 _3 1
4 2 1 2
4.4.3 Method of Gaussien
Elementary operations
Let the system of linear equations:
( a1121 + 122 + + -+ + A1, Ty, = bl
A21X1 + Q22T + * + + + Q2 Ty = b2
(4.4.3)
L Am171 + AmaTy + - QT = by

Definition 4.4.1.

The Augmented matrix of (4.4.3) is [A|B] there are siz types of elementary trans-
formations of A, three of them are row transformations and other three of them are
column transformations.

There are as follows ”Elementary row operations
1. Interchange two rows denoted by: R; <+ R;.
2. Multiplication by K € R* to all elements in the i row denoted by:
R; +— KR,
3. Add a multiple of one row to another row denoted by:
R, <— R, + KR;

Definition 4.4.2. (Equivalent matrix)

A matriz B is said to be equivalent to a matrix A if B can be obtained from A, by
many successive elementary transformations on a matriz A.

A~ B.
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Systems of linear equations

Definition 4.4.3. Echelon from (upper triangular)
A system of three equations in variables x,y, z is said to be in echelon from iff: can be
written:

a1 x4+ by + iz =d;
bgy + oz = dg
C3z = dg

aq b1 C1 dl
1.e: [A|B] = 0 b2 Co d2
0 0 C3 d3

To solve a system AX = B if can be transformed [A|B] in upper triangular this
method called Gaussien’s method.

Example 4.4.4.

Solve the system { 20 = 3y = —10

r—3y=-8

Solution:

The augmented matrix is:

2 =3[-10], ., p[1 —3]-8
1 —3| -8 |78 9 —3|-10
1 —3]-8

The system corresponding of this from is:

r—3y =—8 Yy =2
{33/26 <z>{xz3><2—8:—2,
then the set solutionis: S = {(—2,2)}
Example 4.4.5.

3r—y+52=28
Solve the system ¢ y— 10z =1
6r —y =17

Solution:

The augmented matrix of this system is:

3 -1 5 |8 3 -1 5 |8
[AB]=]0 1 —10|1 |Ry¢—Rs—2R, |0 1 —10]1
6 —1 0 |17 0 1 -10|1
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4.4 Method of solution

3 =1 5 |8
R3 (—Rg—Rg 0 1 —-10 |1
0 O 0 |0

The system corresponding to this echelon from is:

3r—y+52=28 y=10z+1 z=t
y—10z =1 S 3r—y+o2=8 &< y=10t+1
0z + 0y + 0z = 0 z=t =310t +1—5t+8) =342t

The set solution is: S = {(3+ 2¢,10t + 1,t)}, t € R, (infinite solution).

Example 4.4.6.
r—4y+ 3z =11
For this system < 2x + 10y 4+ 72 = 27
rT+y+22=5

The operations are:
RQ%R2—2R1, Rg%Rg—Rl
Rs3 + 2R3, R3 < Rs+ 3R,

We deduce the set solution is:

S={(-2,1,3)}

45



Chapter 5

Multivariable functions

5.1 Definitions and examples

Definition 5.1.1.
We call a function of n(n € N*) real variables any function

fAR" — R
(x17"'7xn) _— Yy

Examples 5.1.1.

1)f:R — R
x — hr?—1

2)g:R* — R
(,y) — (zy—4)

Definition 5.1.2.
The definition set of f are the points of M € R™/f(M) € R.

Examples 5.1.2.
e 1) f(z,y) = 53, Df=RxR

d Q)Q(xay):\/;_ia Dy =Ry xR*
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5.2 Limits, continuity, and partial derivatives of a function

5.2 Limits, continuity, and partial derivatives of a
function

For simplicity, the statements will be given in the case of two variables

Definition 5.2.1. (Limits)
Let (l’o,yo) c Df.

lim  f(z,y) =0 < Ve > 0,3a,8 > 0,]z — x| < a and |y — yo| < B) =
(z,y)—(z0,y0)

[f(z,y) =] <e

Definition 5.2.2. (Continuity)
Let (l’o,yo) c Df.

1. f continues in (zo,y0) <  lim  f(z,y) = L.
(z,y)—(z0,y0)
2. f continue on I € Dy, iff f continues at all points I

Examples 5.2.1.

(I) Determine the domain of definition of functions:

T +vy

f(may):x_ya Df:{($,y)€R2,$7éy}
T — 2y 0
9(z,y) = PN D,=R
1
h(x,y) = z@y, Dy, = {(Jc,y) eR?y>0and x> y}

(1) Study the continuity of functions:

2 ip (ay) #(0,0)
1)f(l’)_{o if (z.y) = (0,0).

We have: Dy =R
We pose: y =0, then

x
I |
(z,O)ILI%O,O) f@y) (m,o)liréo,o) x?

We pose: x =0, then

a2
lim r,y)= lim —— =-—1.
(o,yH(o,mf () (0,9)—(0,0) Y2
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Multivariable functions

So f does not admit a limit. Then f is not continuous at (0,0).

| ot if () #£(L0)
2)9(3:)—{(() i)f (z,y) = (1,0).

We have: D, = R?

We pose: © =1, y#0, g(1,y) =y. Then

lim x,y)=limy =0
(z,y)—(1,0) g( y) y—0 Y

We pose: y =0 and x # 1, g(x,0) =0. Then

lim x,y) =0=¢g(0,0).
(z,yp(l,mg( Y) 9(0,0)

So g is continues at a point (1,0).

5.3 Differentiability

Definition 5.3.1.
We say that f is differentiable in (xq,yo) iff I¢1 and by such that

0 0
b = a—i(%,yo) and ly = a—?];(a?o,yo)

Remark 5.3.1.
We note: df = %dz + g—;dy the total differential, and we write

of

dx
Vf=

af

Oy

Example 5.3.1.
Calculate all partial derivatives of order 1 for all functions

1. fla,y) =y* =3y = 5L = =3y,

2. g(x,y) = ‘Z_T?;y, and deduce %(O, 1).

Solution:
1) We have: D; = R?, then % = —3y and g—gj = 2y — 3.

2 )For (z,y) € R? and y # —z: We have, % = 1'(ytzl;()§_3y) — (yfiﬂ
99 _ —3y+x)—(z—3y) —2z

dy (y+z)? (y+z)?"
We deduce that: 22(0,1) = 4.

T
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5.4 Double and triple integral

5.4 Double and triple integral

5.4.1 Double integral

Theorem 5.4.1.
Let ¢ and v two continuous functions on [a,b] with ¢ <. We put:

D={(z,y) eR*/a <z <band p(z) <y <(z)}.

Faepdedy = [ | [ fy)dy| do
/] L1

Then

Remarks 5.4.1.

1) Particular case
If: f(z,y) =1, then:
/ dxdy = A(D) is the area of D.
D

2) We can swap the roles of x and y.

Example 5.4.1.
We calculate: // vy*dxdy, where Q = [0,1] x [0,2].
Q

17 2 11 2 1rg 4
I = / [/ xyzdy} dx = / {—xygdy} dr = / {—x} dr = [—[BQ]O ==
0o LJo o L3 0 o L3 3

21 1
We note that: [ = / {/ xy%lx] dy
o LJo

Example 5.4.2. (Circle Area S' : 2° + y? = 1).
We calculate the integral using polar coordinates
x =rcost,y = rsinf
to get

27 T 27 1
// dxdy = / [/ Td?“:| dh = / [=r?]dO = 7r°.
st 0 0 o 2
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Multivariable functions

5.4.2 'Triple integral
D= [alybl] X [a27b2] X [a37b3]

///Df(x,y,z)dxdydz—/:l (/b( ajgf(x,y,z)dz> dy> dz

Particular case
Iff=1: /// dxdydz = V(D) is volume of D.
D

Example 5.4.3.

/01 {/12 UOS(”“" - WZ] d?/} do = /01 Uj [(z — y)z]édy} dz

Particular case

f=1 /// drdydz = V(D) volume of D.
D
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5.4 Double and triple integral

Exercise:
Show that the volume of the sphere S? is V = 3w R?, where R is the radius of S%.
Solution:
We have 72 = R? — 22, then

R R
Vv :/ mridz :/ m(R* — 2%)dz

-R -R

1.0% 4
=T [Rzz — —23} = -1
3 —R
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